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Abstract
The Laplace operator L is discontinuous from Lp (R+) into L
q (R+) unless 1 ≤
p ≤ 2 and q is its conjugate Lebesgue exponent. To better understand where
this discontinuity comes from, we investigate two separate weaker problems:
L : Lp (R+) −→ L
q (Ω) , Ω ⊂ R+ is bounded, (I)
L : Lp (R+) −→ L
q ([s,∞[ ) , s > 0. (II)
It turns out (I) holds true precisely if 1
p
+ 1
q
> 1 or 1
p
+ 1
q
= 1, 1 ≤ p ≤ 2,
whereas (II) is valid precisely if 1
p
+ 1
q
< 1 or 1
p
+ 1
q
= 1, 1 ≤ p ≤ 2.
Consequently, neither (I) nor (II) is true whenever 1
p
+ 1
q
= 1, 2 < p ≤ ∞.
Keywords: Laplace integral operator, monotone kernel, Lp space,
integrability estimate
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1. Introduction
Let 1 ≤ p, q ≤ ∞. Hardy ([5], Theorem 9) proved that the Laplace
operator
Lf(x) :=
∫
∞
0
f(y)e−xydy, x ≥ 0
is continuous from Lp (R+) into L
q (R+) when 1 ≤ p ≤ 2, and p, q are conju-
gate exponents. Much later, Bloom [2] showed that L does not map Lp (R+)
continuously into Lq (R+) if 1 ≤ q ≤ 2 < p ≤ ∞. The authors in [1–4]
considered the operator L between weighted Lp spaces or spaces finer than
Lp like Lorentz space.
To better understand how singular Lf can be when f ∈ Lp (R+), we
restrict our attention to its local integrability then turn to its integrability
on unbounded subsets of R+ away from the origin. These are weaker prob-
lems since Lp (R+) ⊂ L
p (Ω) for any measurable Ω ⊂ R+, and L
p (R+) ⊂
Lp ([s,∞[ ) for all s > 0. So we expect a wider range of admissibility for
Lebesgue exponents. We employ both simple scaling arguments and coun-
terexamples to show the optimality of the Lebesgue exponents ranges ob-
tained in each case.
2. Main results
Remark 1. The classical result ([5], Theorem 9) guarantees the continuity
L : Lp (R+) −→ L
q (Ω) and L : Lp (R+) −→ L
q ([s,∞[ ) , s > 0 when 1
p
+ 1
q
=
1, 1 ≤ p ≤ 2.
Remark 2. L is trivially discontinuous from L∞ (R+) to L
1 (Ω) and to L1 ([s,∞[ ).
Indeed L{1}(x) = 1/x /∈ L1 (Ω)
⋃
L1 ([s,∞[ ).
Theorem 1. The operator L : Lp (R+) −→ L
q (Ω) is continuous precisely if
1
p
+ 1
q
> 1 or 1
p
+ 1
q
= 1, 1 ≤ p ≤ 2.
1
p
1
q
1
2
1
1
The blue area and lines represent the optimal range for the estimate
‖Lf‖Lq(Ω) .p,q,Ω ‖f‖Lp(R+).
Proof. We shall prove
‖Lf‖Lq([0,1]) .p,q ‖f‖Lp(R+) (1)
2
when
1
p
+
1
q
> 1, (2)
then prove the condition 1
p
+ 1
q
≥ 1 is necessary for (1), and finally disprove
(1) when 2 < p < ∞ and q = p
p−1
. This would suffice considering both
Remarks 1 and 2.
Let 1 ≤ p ≤ ∞ and let p′ be its conjugate Lebesgue exponent. Suppose
f ∈ Lp (R+). Applying Ho¨lder’s inequality
|Lf(x)| ≤
∫
∞
0
|f(y)|e−xydy
≤ ‖f‖Lp(R+)
(∫
∞
0
e−xyp
′
dy
) 1
p′
=
‖f‖Lp(R+)
p′
1
p′ x
1
p′
. (3)
Therefore∫ 1
0
|Lf(x)|qdx ≤
‖f‖q
Lp(R+)
p′
q
p′
∫ 1
0
dx
x
q
p′
,
where the integral
∫ 1
0
dx
x
q
p′
converges, and consequently (1) holds, if p, q obey
(2).
Conversely, assume the estimate (1) is true. Let f ∈ Lp (R+) and define
fλ(x) := f(λx), 0 < λ < 1. Then
‖fλ‖Lp(R+) = λ
−
1
p‖f‖Lp(R+). (4)
Also, rescaling λy → y we get
Lfλ(x) =
1
λ
Lf(
x
λ
). (5)
Therefore
∫ 1
0
|Lfλ(x)|
q dx =
1
λq−1
∫ 1
λ
0
|Lf(x)|q dx ≥
1
λq−1
∫ 1
0
|Lf(x)|q dx
and we have
‖Lfλ‖Lq([0,1]) ≥ λ
1
q
−1‖Lf‖Lq([0,1]). (6)
3
By assumption, fλ fulfills the estimate (1) for every λ > 0 with a constant
independent of λ. Using this with (4) and (6) implies
‖Lf‖Lq([0,1]) .p,q λ
1− 1
p
−
1
q ‖f‖Lp(R+).
But then if 1 − 1
p
− 1
q
> 0 we get ‖Lf‖Lq([0,1]) = 0, a contradiction. So the
condition 1
p
+ 1
q
≥ 1 is necessary for (1).
It remains to disprove (1) when 2 < p < ∞ and q = p
p−1
. Consider the
function
f(x) :=
χ
[1,∞[
(x)
x
1+ǫ
p
.
We calculate
‖f‖Lp(R+) = ǫ
−
1
p . (7)
Furthermore, for x that lives in [0, 1], we have
Lf(x) =
∫
∞
1
y−
1+ǫ
p e−xydy = x
1+ǫ
p
−1
∫
∞
x
σ−
1+ǫ
p e−σdσ.
Since q(1 − 1+ǫ
p
) = 1 − ǫ
p−1
< 1 then x
1+ǫ
p
−1 ∈ Lq ([0, 1]) for all q conjugate
to p, p > 1. Additionally, by strict positivity of σ 7→ σ−
1+ǫ
p e−σ on ]0,∞[, it
follows that
‖Lf‖Lq([0,1]) ≥
(∫ 1
0
xq(
1+ǫ
p
−1)dx
) 1
q
∫
∞
1
σ−
1+ǫ
p e−σdσ
= (p− 1)
1
q ǫ−
1
q
∫
∞
1
σ−
1+ǫ
p e−σdσ. (8)
Using the dominated (or monotone) convergence theorem
lim
ǫ→0
∫
∞
1
σ−
1+ǫ
p e−σdσ =
∫
∞
1
σ−
1
p e−σdσ.
But we have∫
∞
1
σ−
1
p e−σdσ <
∫
∞
1
e−σdσ = e−1,
∫
∞
1
σ−
1
p e−σdσ >
∫ C
1
σ−
1
p e−σdσ > C−
1
p
∫ C
1
e−σdσ > C−
1
p
(
e−1 − e−C
)
,
4
with a fixed C > 1. Hence (8) implies the estimate
‖Lf‖Lq([0,1]) & ǫ
−
1
q . (9)
Gathering the estimates (7) and (9) we obtain
‖Lf‖Lq([0,1])
‖f‖Lp(R+)
& ǫ
2
p
−1
which, unless p ≤ 2, blows up as ǫ→ 0+.
Theorem 2. The operator L : Lp (R+) −→ L
q ([s,∞[ ) , s > 0, is continuous
precisely if 1
p
+ 1
q
< 1 or 1
p
+ 1
q
= 1, 1 ≤ p ≤ 2.
1
p
1
q
1
2
1
1
The blue area and lines represent the optimal range for the estimate
‖Lf‖Lq([1,∞[) .p,q ‖f‖Lp(R+).
Proof. We shall show
‖Lf‖Lq([1,∞[) .p,q ‖f‖Lp(R+) (10)
when 1
p
+ 1
q
< 1 then prove that 1
p
+ 1
q
≤ 1 is necessary for (10). Finally,
we strengthen the latter condition by disproving (10) when 2 < p < ∞ and
q = p
p−1
. Again, this suffices considering both Remarks 1 and 2.
Recalling from (3)
|Lf(x)| ≤
‖f‖Lp(R+)
p′
1
p′ x
1
p′
.
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Thus ∫
∞
1
|Lf(x)|qdx ≤
‖f‖q
Lp(R+)
p′
q
p′
∫
∞
1
dx
x
q
p′
.p,q ‖f‖
q
Lp(R+)
provided that q
p′
> 1 or equivalently if 1
p
+ 1
q
< 1.
Assume the estimate (10). Take f ∈ Lp (R+) and let fλ(x) := f(λx),
λ >> 1. Then both (4) and (5) still hold. Consequently∫
∞
1
|Lfλ(x)|
q dx =
1
λq−1
∫
∞
1
λ
|Lf(x)|q dx ≥
1
λq−1
∫
∞
1
|Lf(x)|q dx
and we find
‖Lfλ‖Lq([1,∞[) ≥ λ
1
q
−1‖Lf‖Lq([1,∞[). (11)
Since fλ satisfy (10) with a constant independent of λ, then it follows from
(4) and and the estimate (11) that
‖Lf‖Lq([1,∞[) .p,q λ
1− 1
p
−
1
q ‖f‖Lp(R+) (12)
As λ grows large, the estimate (12) makes sense only if 1− 1
p
− 1
q
≥ 0.
Finally, let q = p
p−1
, 1 < p <∞, and consider
f(x) :=
χ
[0,1]
(x)
x
1−ǫp
p
.
We have
‖f‖Lp(R+) = p
−
1
p ǫ−
1
p . (13)
And for x ≥ 1, the Laplace transform
Lf(x) =
∫ 1
0
y−
1−ǫp
p e−xydy > x
1−ǫp
p
−1
∫ 1
0
σ−
1−ǫp
p e−σdσ
>
p
e ((1 + ǫ)p− 1)
x
1−ǫp
p
−1 ≈p x
1−ǫp
p
−1.
Hence
‖Lf‖Lq([1,∞[) &p
(∫
∞
1
xq(
1−ǫp
p
−1)dx
) 1
q
≈p ǫ
1
p
−1. (14)
Now, assuming (10), the estimates (13), (14) together imply
1 &
‖Lf‖Lq([1,∞[)
‖f‖Lp(R+)
& ǫ
2
p
−1,
a contradiction unless p ≤ 2.
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